In this work we investigate the equal-width equation, which is used for simulation of (1-D) wave propagation in non-linear medium with dispersion process. Firstly, Lie symmetries are determined and then used to establish an optimal system of one-dimensional subalgebras. Thereafter with its aid we perform symmetry reductions and compute new invariant solutions, which are snoidal and cnoidal waves. Additionally, the conservation laws for the aforementioned equation are established by invoking multiplier method and Noether's theorem.
Introduction
In this work we conduct a study of the third-order equalwidth (EW) equation
where α is the nonlinearity parameter and β is the dispersion parameter. This equation was first introduced in [1] and represents a model equation that describes nonlinear dispersive waves, e.g., waves created in shallow water channel. Several methods have been used to derive solutions of this equation, for instance the authors of [2] used Petrov-Galerkin method by invoking quadratic B-spline finite element. In [3] , authors used least-squares technique to construct numerical solutions of this equation. This equation (1) was recently studied in [4] , where the researchers employed simple equation technique and also the exp(−φ(ξ )) expansion technique to construct travelling wave solutions. In our study, using a different technique, we construct new exact travelling wave solutions, namely cnoidal and snoidal waves solutions of EW equation (1) . Moreover, by employing two approaches, viz., the multiplier approach and Noether's theorem we construct conservation laws of (1).
Solutions using optimal system
Firstly, we determine Lie symmetries of (1) and then utilize them to establish an optimal system of one-dimensional subalgebras (OSODS). Thereafter, we use this OSODS to performs symmetry reductions (SRs) and invariant solutions of (1) [5] [6] [7] [8] [9] [10] [11] [12] .
Lie symmetries
The infinitesimal generator
where the functions (τ, ξ , η) depend on t, x and u, is a Lie symmetry of equation (1) if
where F ≡ u t + 2αuux − βu txx and G (3) denotes third prolongation [7] of G and is given by
Here the coefficients ζ 1 , ζ 2 , ζ 12 and ζ 122 are determined by
We expand equation (3) and since τ, ξ and η do not depend on derivatives of u, equation (3) decomposes into system of linear homogeneous PDEs. Solving these equations one finds values of τ, ξ and η, which lead to three Lie symmetries of (1) given by
We note that the first two symmetries represent translations in time and space respectively, whereas the third describes a scaling symmetry of the EW equation.
Optimal system of one-dimensional subalgebras
We now utilize technique of [7] to calculate an OSODS by using Lie symmetries of (1). We first construct the commutator table. Thereafter we compute adjoint representation using
where ε ∈ ℜ and commutator [Gs , G k ] is defined as
The commutators of Lie symmetries of (1) and adjoint symmetry group of (1) are presented in Tables 1 and 2 , respectively. Consequently, we utilize Tables 1 and 2 to derive the OSODS for (1). Thus following [7] and utilizing Table 1 and Table 2 we can obtain an OSODS {G 1 + cG 2 , G 3 + aG 2 , G 2 }, with c and a are constants. [ , ] 
Solutions and symmetry reductions
We now utilise the OSODS obtained above and find symmetry reductions and invariant solutions for equation (1) . Consider the first operator G 1 + cG 2 of the optimal system. This operator has invariants
We now construct travelling wave solutions of our PDE (1) by invoking Jacobi elliptic expansion technique [13] . We suppose solutions of ODE (7) are
where positive integer N and As are constants to be determined. The function H is a solution of nonlinear first-order
or
We recall that Jacobi cosine function
solves (9), whereas Jacobi sine function
satisfies (10) with 0 ≤ ω ≤ 1 [13, 14] .
Cnoidal waves
Nonlinear ODE (7) provides us with N = 2 and so (8) leads to
Substitution of U from (13) into (7) and utilizing (9) we obtain 
The above equation decomposes on similar powers of H and leads to following thirteen algebraic equations:
Solving the above system we get two cases, namely Case 1.
A 1 = 0, A 2 = 6 β cω α .
Case 2.
A
Thus cnoidal wave solutions of PDE (1) are
and
where nc = 1/cn.
Snoidal waves
In this case, again N = 2 and following the same procedure as above but invoking ODE (10) 
Splitting on similar powers of H yields algebraic equations αA −2 2 + 6βcA −2 = 0,
Solving the above system of equations yields the following two cases:
Case 1.
A −2 = 0, A −1 = 0, A 0 = c 2α (4 β ω + 4 β + 1) , A 1 = 0,
Case 2.
A −2 = − 6β c α , A −1 = 0, A 0 = c 2α (4 β ω + 4 β + 1) ,
Thus we obtain two snoidal wave solutions of the equalwidth equation (1) as
where ns = 1/sn. We now consider the second operator X 3 + aX 2 of the optimal system. This symmetry operator yields the two invariants J 1 = e x t −a/2 and J 2 = u t 1/2 . Thus J 2 = f (J 1 ) provides an invariant solution of (1), viz.,
Substitution of u in PDE (1), gives nonlinear third-order ODE
where z = e x t −a/2 . The third operator X 2 provides invariants J 1 = t, J 2 = u. Thus u = ϕ(t) is invariant solution. Substituting this value of u into equation (1) and solving the resultant ODE gives
where C 1 is an arbitrary constant.
Conservation laws
We construct conservations laws [6, 7, [15] [16] [17] [18] [19] [20] of equalwidth equation (1) by using two approaches; multiplier approach [21] [22] [23] and Noether's theorem [24, 25] .
Conservation laws by invoking multiplier approach
We seek zeroth-order multiplier Q, which depends on (t, x, u). To determine this multiplier Q we invoke δ δu {Q {u t + 2αuux − βu txx }} = 0,
where
x ∂ ∂u txx and D t , Dx are as defined in (6) . The above equation yields
x D t (βQ) = 0, which on expanding gives βQ txx − Q t − 2αuQx + 2βux Q txu + βu 2 x Q tuu + βuxx Q tu + βu t Qxxu + 2βu t ux Qxuu + 2βu tx Qxu − 2 + βu t u 2
x Quu + βu t uxx Quu + 2βux u tx Quu = 0.
Decomposing above equation on derivatives of u, we obtain Q tu = 0, Qxu = 0, Quu = 0, Q t + 2αuQx − βQ txx = 0, which on solving gives two multipliers Q 1 (t, x, u) = u and Q 2 (t, x, u) = 1.
Associated with above multipliers, we acquire two conservation laws whose components are 
Conservation laws using Noether's theorem
We now invoke Noether's approach [24, 25] to construct conservation laws for PDE (1) . This equation is of third order and as such has no Lagrangian. However, by letting u = vx we can make it variational. Thus (1) now becomes v tx + 2αvx vxx − βv txxx = 0,
